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BOUNDED SETS OF SHEAVES ON KA¨HLER MANIFOLDS
MATEI TOMA
Abstract. We show that any set of quotients with fixed Chern classes
of a given coherent sheaf on a compact Ka¨hler manifold is bounded in a
sense which we define. The result is proved by adapting Grothendieck’s
boundedness criterion expressed via the Hilbert polynomial to the Ka¨hler
set-up. As a consequence we obtain the compactness of the connected
components of the Douady space of a compact Ka¨hler manifold.
1. Introduction
Let (X,OX (1)) be a projective scheme endowed with a very ample line
bundle. In [Gro61] Grothendieck constructed the Hilbert scheme of X which
parametrizes the closed subschemes of X. He also showed that by fixing the
Hilbert polynomial of the closed subschemes which are to be parametrized, one
gets a projective subscheme of the Hilbert scheme. In particular the connected
components of the Hilbert scheme are projective. One of the ingredients of
Grothendieck’s proof was the introduction of the notion of boundedness for
sets of coherent sheaves together with a boundedness criterion which says that
such a set is bounded if and only if all its elements are quotients of a unique
coherent sheaf and their Hilbert polynomials range through a finite set, [Gro61]
Thm. 2.1. This new notion proved to be useful in other contexts as well, such
as the construction of moduli spaces of semistable sheaves, cf. [HL].
In this paper we introduce boundedness for sets of coherent sheaves over
complex analytic spaces and prove the following criterion in the Ka¨hler case;
see sections 2, 3 for the definitions.
Theorem. Let (X,ω) be a Ka¨hler complex manifold and F a set of isomor-
phism classes of coherent sheaves on X. Then the set F is bounded if the
following conditions are fulfilled:
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(1) There exists a bounded set G of isomorphism classes of coherent
sheaves on X such that each element of F is a quotient of an element
of G.
(2) The supports of the sheaves of F are contained in some compact subset
of X.
(3) The degrees of the sheaves of F are bounded from above.
For the proof we basically follow Grothendieck’s approach but several
changes and new arguments are needed; one important technical tool in the
projective case for instance, for which we could find no analogue in the Ka¨hler
case, is the use of linear projections. The main idea is to reduce the prob-
lem to bounding the volume of some appropriate analytic cycles and use the
compactness of the associated cycle space provided by Bishop’s theorem, cf.
[Fuj78], [Lie77].
Our main application is a compactness result for the connected components
of the Douady space of a compact Ka¨hler manifold, section 5. To put this
into perspective recall that the set of subspaces of a compact analytic space X
was endowed with a natural analytic structure by Douady in [Dou66]. Fujiki
proved that the topology of this space had a countable basis, [Fuj79]. He
further showed that its irreducible components were compact when X was a
Ka¨hler space and more generally when X belonged to the class C, [Fuj84]. For
the connected components of the space of divisors of a normal compact space
X compactness and even projectivity were established by Fujiki in [Fuj82].
Other applications are properness for the morphism “Douady → Barlet”
and compactness for the moduli space of torsion free rank one sheaves on
compact Ka¨hler manifolds. We believe that our criterion may be further used
to prove compactness of yet to be constructed moduli spaces of higher rank
semistable sheaves over compact Ka¨hler manifolds.
We start by reviewing some properties of the homology Todd class which will
serve as a replacement of the Hilbert polynomial. Using semi-analytic Stein
compacta in the next section boundedness for sets of isomorphism classes of
coherent sheaves is introduced in the analytic set-up and some basic properties
are proven. A boundedness result for reflexive sheaves of rank 1 on compact
Ka¨hler normal spaces is also included. We prove the boundedness criterion in
section 4 and we end with applications.
Acknowledgements: I wish to thank Daniel Barlet and Julien Grivaux for
several discussions and particularly Jon Magnusson for arousing my interest
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in these topics. Thanks are also due to the referees whose suggestions helped
in improving the presentation.
2. Homology classes and degrees
The Grothendieck-Riemann-Roch theorem for singular varieties was proved
by Baum, Fulton and MacPherson [BFM75], [BFM79] in the projective case
and by Levy [Lev87] in the complex analytic case. One way to formulate it is
that there exists a natural transformation of functors τ : K0 → H2∗( ;Q) such
that for any compact complex space X the diagram
K0X ⊗K0X
⊗ //
ch⊗τ

K0X
τ

H2∗(X;Q) ⊗H2∗(X;Q)
⌢ // H2∗(X;Q)
commutes and if X is nonsingular then τ(OX) = Td(X) ⌢ [X], where K
0X,
K0X are the Grothendieck groups generated by holomorphic vector bundles
and coherent sheaves respectively and Td(X) is the (cohomology) Todd class
of the tangent bundle to X. Naturality means that for each proper morphism
f : X → Y of complex spaces the diagram
K0X
τ //
f!

H2∗(X;Q)
f∗

K0Y
τ // H2∗(Y ;Q)
commutes, where f! is defined by f!([F ]) =
∑
i(−1)
i[Rif∗(F)] for any coherent
sheaf F on X. (In the non-compact case τ takes values in the Borel-Moore
homology, [I], [Ful] 19.1.) We refer to the original papers and to the books
[Ful], [FL], [DV] for a thorough treatment of these facts.
For a coherent sheaf F on a compact complex space X we shall call τ(F) :=
τ([F ]) the homology Todd class of F . We list some of its properties :
(1) If F is locally free andX is smooth and connected, τ(F) is the Poincare´
dual of ch(F) · Td(X) ∈ H2∗(X;Q).
(2) If f : X → Y is an embedding then τ(f∗F) = f∗(τ(F)).
(3) τ(F)r = 0 for r > dimSuppF .
(4) τ is additive on exact sequences.
(5) If X is irreducible then τ(F)dimX = rank(F)[X] ∈ H2 dimX(X;Q).
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(This may be deduced from the previous properties via some modi-
fication of X which desingularizes X and flattens F .)
(6) The component of τ(F) in degree dimSuppF is the homology class of
an effective analytic cycle.
(In order to see this one makes the following reduction steps. For any
integer r we set Nr(F) to be the sheaf of sections of F whose support
have dimension less than r and F(r) := F/Nr(F). If r = dimSuppF we
may assume that F = F(r). Let now I be the reduced ideal of SuppF .
We may also work with the graduation of 0 = IkF ⊂ Ik−1F ⊂ ... ⊂
IF ⊂ F instead of F and in particular we may suppose that IF = 0.
If Y1, ..., Yn are the irreducible components of SuppF and ιj : Yj →
X their respective embeddings, we consider Fj := Im(F → ιj∗ι
∗
jF).
The assumption F = F(r) now implies that F embeds into ⊕jFj and
dimSupp((⊕jFj)/F) < r thus reducing the situation to the case of an
irreducible support.)
In the complex analytic setting a definition of the homology Todd class
may be given using real-analytic locally free resolutions; see also [AtHi61] for
the analogous construction of the cohomological Grothendieck element γX(F).
Using this approach one sees easily that property (1) above holds also for
arbitrary coherent sheaves when X is smooth and connected. This allows one
to prove the following result on the variation of the homology Todd classes in
a flat family.
Proposition 2.1. Let X and S be complex manifolds with X compact and S
connected and F be a coherent sheaf on X × S flat over S. Then the class
τ(Fs) ∈ H2∗(X;Q) is independent of s ∈ S.
Let (X,ω) be a Ka¨hler compact analytic space. The class [ω] ∈ H2(X,R)
allows us to define degrees of a coherent sheaf F on X in the following way.
For each r ∈ N we define the r-degree of F by
degr(F) := [ω
r]⌢ τr(F) ∈ R.
Notice that in case (X,OX(1)) is polarized, smooth, projective and [ω] =
c1(OX(1)) one recovers the coefficient of the Hilbert polynomial of F in degree
r as
degr(F)
r!
.
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3. Bounded sets of coherent sheaves
According to Grothendieck’s definition a family of coherent sheaves on a
scheme X (over a field k for instance) is bounded if it can be parametrized by
a scheme of finite type over k. One feature of this context is that the topology
of the parameter space is noetherian, i.e. every descending chain of closed
subspaces is stationary. In the complex analytic setting a possible substitute
would be to consider compact parameter spaces and work with their Zariski
topology. We chose to work with semi-analytic Stein compacta, which are
better adapted to our purposes; see [BS] 5.1.f for the definition. Their Zariski
topology is known to be noetherian, cf. [BS] 5.3, p.220.
Definition 3.1. Let X be an analytic space over an analytic space S and E
a set of isomorphism classes of coherent sheaves on the fibers Xs of X → S.
We say that the set E is bounded if a semi-analytic Stein compactum K over
S exists together with a coherent sheaf G in a neighbourhood of X ×S K such
that E is contained in the set of isomorphism classes defined by the analytic
restrictions of the sheaf G to the fibers of X ×S K → K. A set of complex
subspaces of the fibers of X → S is called bounded if the set of isomorphism
classes of their structure sheaves is bounded.
(We will be loose on the above terminology and often say “sheaves” instead
of “isomorphism classes of sheaves”.)
In the above definition it is clear that E can be viewed as set of sheaves
defined on (some of) the fibers of X ×S K → K.
Let X be an analytic space over S and F a coherent sheaf on X. If T → S
is a morphism, we will write as usual XT := X ×S T and FT for the base
change. The projections XT → T will be denoted by pT .
When speaking of morphisms defined on Stein compacta K or sheaves over
K we mean of course that such objects are defined on some analytic space
containing K.
Remark 3.2. Suppose X is an analytic space over a reduced analytic space
S and F a coherent sheaf on X whose support is proper over S. Then there
exists a nowhere dense closed analytic subspace T of S such that over S \ T
the sheaf FS\T is flat and base change holds for the sheaves R
qpS\T ∗(F) for
all q. In this case we will simply say that base change holds for F over S \ T .
Indeed, by Frisch’s theorem on generic flatness, there exists a nowhere dense
analytic subset T ′ ⊂ S such that the sheaf F is flat on S \ T ′. We apply
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Grauert’s semicontinuity theorem and get a nowhere dense analytic subset T ′′
of the Zariski open subset S\T ′ of S such that the sheaves RqpS\T ′\T ′′∗(F) are
locally free and base change holds over S\T ′\T ′′. Now by Hironaka’s flattening
theorem, [Hir75], after some proper modification S′ → S not affecting S \ T ′
the sheaf FS′ modulo S
′-torsion becomes flat over S′. This implies that T :=
T ′ ∪ T ′′ is a closed analytic subspace of S.
In fact a proof of this remark may be given using an older result of Kiehl-
Verdier and Schneider, see [BS] 3.4.1, and avoiding Hironaka’s flattening the-
orem.
Remark 3.3. Our definition is equivalent to Grothendieck’s via GAGA when
X is complex projective.
Indeed, if a set of algebraic coherent sheaves on X is bounded, then by
Grothendieck’s criterion, these sheaves appear as quotients of the one and
the same sheaf O(−n)N and their Hilbert polynomials range in a finite set.
Thus they will give points in a finite set of projective Quot schemes, hence the
boundedness of the associated set of coherent analytic sheaves.
Conversely, if a set of coherent analytic sheaves on X is bounded in our
sense, then these sheaves will be fibers of some flat family over a semi-analytic
Stein compactum K. Then by the same argument as before they will appear as
quotients of a uniform sheaf of the type O(−n)N . As their Hilbert polynomials
range in a finite set again, the existence and projectivity of the Quot scheme
may be used to deduce the boundedness of the set of associated algebraic
coherent sheaves.
The following proposition gathers some basic properties of bounded sets of
coherent sheaves, which will be needed in the sequel.
Proposition 3.4. Let X be an analytic space over an analytic space S and
E, E′ two bounded sets of isomorphism classes of sheaves on the fibers of
X → S. Suppose that there exists a closed subset L of X proper over S such
that the supports of the sheaves from E or from E′ are contained in L. Then
the following sets are bounded as well:
(1) The sets of kernels, cokernels and images of sheaf homomorphisms
F → F ′, when the isomorphism classes of F and F ′ belong to E and
E′ respectively.
(2) The set of isomorphism classes of extensions of F by F ′, for F and
F ′ as above.
(3) The set of isomorphism classes of tensor products F ⊗ F ′.
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Proof. It is clear that one can find a base extension K → S from a semi-
analytic Stein compactum together with coherent sheaves G and G′ on XK :=
X ×S K such that E and E
′ are contained in the set of isomorphism classes
defined by the sheaves G and G′ on the fibers of XK → K. We may assume
K smooth and connected. Moreover the support of G or the support of G′ is
proper over K.
(1) By Remark 3.2 there exists an analytic subset K1 ⊂ K such that the
sheaves OXK , G, G
′, and Hom(G,G′) are flat over K \ K1 and base
change holds for these sheaves over K \ K1. Working by descending
induction on dimK we only need to check boundedness for the family
of possible kernels and cokernels over K \K1.
Let T := P(((pK)∗Hom(G,G
′))∨) and ((pK)∗Hom(G,G
′))∨)T → L
be the universal quotient. Here and throughout the paper we use the
notation P(E) for the projective bundle associated to the sheaf E in
the sense of Grothendieck.
The semi-analytic compactum T is not Stein in general but we may
cover it by a finite number of semi-analytic Stein compacta.
We get a universal section
OT → (((pK)∗Hom(G,G
′))∨)∨T ⊗ L
which restricted over the part of T lying over K\K1 induces a universal
family of morphisms GXs → G
′
Xs
. We look for a coherent sheaf K on
XT which extends to T the family of kernels of these morphisms. We
may therefore reduce ourselves to the situation of a proper morphism
T → K together with a section σ of ((pT )∗Hom(GT ,G
′
T ))
∨∨. Let T
and C be the kernel and the cokernel of the natural morphism
(pT )∗Hom(GT ,G
′
T )→ ((pT )∗Hom(GT ,G
′
T ))
∨∨
of coherent sheaves on T . Let further U be a Stein open neighbourhood
of some point t ∈ T and f any function in Ann(C)(U). Then fσ has
a lift to (pT )∗Hom(GT ,G
′
T )(U) = Hom(GT ,G
′
T )(XU ) which we denote
by fσ for simplicity. Let now fi and gj run through two finite sets
of generators of Ann(C)t and Ann(T )t respectively and suppose that
they still generate these sheaves at any point of U . On XU we define
K := ∩fi,gjKer(gjfiσ : GU → G
′
U ).
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It is easy to check that the definition does not depend on the chosen
generators, hence the existence of the desired sheaf K on the compact
space XT . For a global substitute of a cokernel one may consider
G′U/
∑
i,j
Im(gjfiσ : GU → G
′
U ).
Then the boundedness holds over the open set of TK\K1 where the
cokernel is flat and we continue by noetherian induction on K.
(2) When OXK , G, G
′ are flat over K and Ext1(pK ;G,G
′) commutes with
base change, families of extensions of G by G′ are parametrized by
H0(K; Ext1(pK ;G,G
′)), cf. [Lan83], see also [BPS80] and [Fle81].
Such a family of extensions comes from a global extension on XK
when H2(K; (pK)∗Hom(G,G
′)) = 0 which is the case in our situation.
Considering P((Ext1(pK ;G,G
′))∨) we obtain as before a semi-analytic
compactum T containing some nontrivial Zariski open subset which
parametrizes a universal family of classes of extensions of G by G′.
Let T ′ be the complement of this open subset, t be some point of
T and U some Stein neighbourhood of t. The universal section ξ of
Ext1(pT\T ′ ;G,G
′)∨∨ multiplied again by some function gf on U extends
as a section gfξ of Ext1(pU ;G,G
′) over U \ T ′ and thus as an element
of Ext1(XU ;G,G
′), since U is Stein and we have an exact sequence
Ext1(XU ;G,G
′)→ H0(Ext1(pU ;G,G
′))→ H2(U, pU ∗Hom(G,G
′))
induced by the spectral sequence Hp(Extq(pU ;G,G
′)) ⇒
Extp+q(XU ;G,G
′).
We want to use the elements gfξ in order to get some coherent sheaf
on XU whose restriction to XU\T ′ would be precisely the extension
defined by ξ. For this we recall the construction of this extension. Let
0 → I0 → I1 → ... an injective resolution of G
′ and δ : I0 → I1 the
first map. Then one may view ξ as a homomorphism G → Im(δ) and
the induced extension is
0→ G′ → Ker((δ + ξ) : I0 ⊕ G → Im(δ))→ G → 0.
Over U \ T ′ we have a commutative diagram with exact rows
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0 // Ker(δ + gfξ)

// I0 ⊕ G
id⊕gfid

δ+gfξ
// Im(δ)
id

0 // Ker(δ + ξ) // I0 ⊕ G
δ+ξ
// Im(δ)
and we consider the image Egf of Ker(δ+gfξ) in I0⊕G by the vertical
arrow id ⊕ gf id. It is clear that Egf coincides with Ker(δ + ξ) away
from the vanishing locus of gf . Then E :=
∑
i,j Egjfi provides the
desired substitute. Here we have considered the functions fi, gj as
before. It is again easy to check that E does not depend on the chosen
systems of generators. Although E might not sit as middle term of a
sheaf extension of G by G′, it exists globally on XU and gives sheaf
extensions in each fiber of pU\T ′ .
(3) This is clear since (G ⊗OX G
′)⊗OX OXs
∼= Gs ⊗OXs G
′
s.

We mention one more boundedeness result in the Ka¨hler case which is of
independent interest. For this we will need the following lemma.
Lemma 3.5. Let f : X ′ → X be a desingularization of the normal space X
and F a reflexive sheaf of rank 1 on X. Let F ′ := (f∗F)∨∨. Then an invertible
sheaf L on X ′ has the property f∗L = F if and only if there exists an effective
divisor D supported on the exceptional locus of f such that L ∼= F ′(D).
Proof. Suppose that the invertible sheaf L on X ′ has the property f∗L = F .
Then the map f∗F ∼= f∗f∗L → L vanishes on torsion and thus factorizes
through F ′. It is moreover clear that this map is an isomorphism away from
the exceptional locus of f .
Conversely, if D is an effective divisor supported on the exceptional locus
of f , we get natural morphisms
F →֒ f∗f
∗F → f∗F
′ →֒ f∗F
′(D) →֒ (f∗F
′(D))∨∨ ∼= F
the last isomorphism being a consequence of the unicity of the extension of
a reflexive sheaf over a codimension 2 locus; cf. [BS] Prop. 8.3.5. Since the
global endomorphisms of F are homotheties, we get our conclusion. 
Proposition 3.6. Let X be a compact Ka¨hler normal space of dimension d.
Then the set of reflexive sheaves of rank one of fixed homology Todd class τd−1
on X is bounded.
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Proof. Let f : X ′ → X be a desingularization X and suppose that the excep-
tional divisor E of f has n components. Denote by Pic(X ′ \E,X ′) the group
of invertible sheaves on X ′ \ E which may be extended as invertible sheaves
to X ′. It is clear that Pic(X ′ \ E,X ′) is isomorphic to the group of reflexive
sheaves of rank one on X. The restriction r : Pic(X ′) → Pic(X ′ \ E,X ′)
induces an exact sequence of groups
Zn → Pic(X ′)→ Pic(X ′ \E,X ′)→ 0.
Note however that the natural map Pic(X ′ \ E,X ′) → Pic(X ′), F 7→ F ′,
defined in Lemma 3.5 is not a group morphism in general.
Let L be any invertible sheaf on X ′. The class τd−1(f∗L) = f∗τd−1(L)
only depends on r(L). In order to see this one may use the following natural
diagram in singular homology:
H2d−2(E;Q) // H2d−2(X
′;Q) //
f∗

H2d−2(X
′, E;Q)
∼= f∗

H2d−2(X;Q)
∼=// H2d−2(X,Sing(X);Q)
or the corresponding diagram in Borel-Moore homology, cf. [Ful] 19.1. Con-
sider the set of reflexive sheaves of rank one of fixed homology Todd class
τd−1 = a on X, let L be an invertible sheaf on X
′ such that τd−1(f∗L) = a
and consider the subset S of elements of Pic(X ′) having the same homology
Todd class as L. Then S is a finite union of components of Pic(X ′) and any
reflexive sheaf of rank one of homology Todd class τd−1 = a on X is of the
form (f∗(L
′))∨∨ for some L′ whose isomorphism class lies in S. Denote the
Poincare´ invertible sheaf on X ′ × S by P. For each s ∈ S the natural mor-
phism ((fS)∗P)s → (fS,s)∗(Ps) is an isomorphism over the regular part of
X. Moreover for s ∈ S general, that is away from a bad subset S1, we have
(HomOX′×S (P,OX′×S))s
∼= HomOX′s
(Ps,OX′s) and the desired boundedness
follows in the usual way by inductively constructing families of sheaves, first
over X × S, then over X × S1 and so on. 
4. A boundedness criterion
Our main result is the following boundedness criterion.
Theorem 4.1. Let (X,ω) be a Ka¨hler complex manifold and F a set of iso-
morphism classes of coherent sheaves on X. Then the set F is bounded if the
following conditions are fulfilled:
BOUNDED SETS OF SHEAVES ON KA¨HLER MANIFOLDS 11
(1) There exists a bounded set G of classes of coherent sheaves on X such
that each element of F is a quotient of an element of G.
(2) The supports of the sheaves of F are contained in some compact subset
of X.
(3) The degrees of the sheaves of F are bounded from above.
In general we shall call a set F of isomorphism classes of coherent sheaves on
the fibers of X → S dominated if it satisfies the first condition of the criterion.
Recall that F is called pure of dimension d if F as well as all its non-trivial
coherent subsheaves are of dimension d. We introduce the following notation.
As in Section 2 we denote by Nr(F) the sheaf of sections of a coherent sheaf
F whose support have dimension less than r and F(r) := F/Nr. If F is of
dimension d then F(d) is pure of dimension d.
In the proof we will repeatedly use the following strengthening of Bishop’s
theorem:
Theorem 4.2. ([Lie77]) A subset C of the cycle space C(X) of a complex
space X is relatively compact in C(X) if and only if the cycles parameterized
by C all lie in a compact subset of X and their volumes are uniformly bounded.
The proof of Theorem 4.1 will consist in the reduction to the following
Lemma.
Lemma 4.3. Let d be a non-negative integer, (X,ω) as above and S a reduced
analytic space. Let further W ⊂ X × S be a reduced analytic subset of X × S
such that the second projection W → S is proper, equidimensional of relative
dimension d with irreducible general fibers and F a dominated set of classes
of pure d-dimensional sheaves F on the irreducible fibers of W over some
relatively compact subset of S. Then:
(1) The set of classes τd(F) is finite.
(2) The degrees degd−1(F) are bounded from below.
(3) If the degrees degd−1(F) are bounded from above, then the set F is
bounded.
Proof. By Hironaka’s desingularization and flattening theorems we may as-
sume that S is smooth and irreducible containing a semi-analytic Stein com-
pactum A, W is flat over S and that there exists a coherent sheaf G on W
flat over S such that each sheaf F in F is a quotient of some Gs, s ∈ A. For
instance in order to obtain W flat over S we consider the locus S1 ⊂ S of non-
flatness of W → S, flatten W → S to obtain W ′ → S′, deal with WS1 → S1
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separately by noetherian induction and consider the resulting space over the
disjoint union of S′ and S′1. In the same way we may replace G by G(dimW )
since the sheaves F are pure. Moreover the arguments of [HL] 1.1.6-14 adapt
to our case to show that for general s ∈ S the fibers Gs are pure as well. Hence
as before we may suppose that each Gs we are concerned with is pure.
For the first assertion consider the exact sequence
0→ E → Gs → F → 0
exhibiting F as a quotient of Gs. Then τi(Gs) = τi(F) + τi(E) and for i = d
both τi(F) and τi(E) are positive (or zero). In fact these classes correspond to
integer combinations of r-dimensional irreducible components of Ws. Now the
classes τi(Gs) are independent of s ∈ S by Proposition 2.1. Since the d-degrees
of the sheaves F are bounded from above by the d-degrees of the Gs, Bishop’s
theorem implies that the set of classes τd(F) must be finite.
For the next assertions we will need some further reductions: take an em-
bedded desingularization W˜ → W of W ⊂ X × S and a flattening Wˆ → W˜
of GW˜ over W˜ . Thus Gˆ := GWˆ /TorsGWˆ is locally free on Wˆ . Denote by
p : Wˆ → W the projection. Notice that the topological invariants of the gen-
eral fiber of Wˆ → S are independent of the sheaves F . The general fibers
of Wˆ → S are smooth and connected. Take now a sheaf F on some Ws and
suppose that the corresponding Wˆs is smooth and connected. The projection
ps : Wˆs →Ws factors through the normalization g : W
′
s →Ws as
Wˆs
f
// W ′s
g
// Ws.
Let E be the kernel of Gs → F , Eˆ the image of the composition p
∗
sE →
p∗sGs → Gˆs and C the cokernel of E → (ps)∗Eˆ . We have exact sequences of
OWs-modules:
0→ E → Gs → F → 0,
0→ E → (ps)∗Eˆ → C → 0
hence (ps)∗(τd−1(Eˆ)) = τd−1((ps)∗Eˆ) = τd−1(E) + τd−1(C). Notice that g
∗F is
pure but p∗sF might have torsion and its support is contained in the exceptional
divisor E of f . Let then Eˆsat be the saturation of Eˆ in Gˆs, i.e. the kernel of
the composition of morphisms Gˆs → Gˆs/Eˆ → (Gˆs/Eˆ)/Tors(Gˆs/Eˆ). Thus the
sequence
0→ Eˆsat → Gˆs → p
∗
sF/Tors(p
∗
sF)→ 0
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is exact. Set Fˆ := p∗sF/Tors(p
∗
sF) and L := (
∧rankE Eˆsat)∨∨. It is an in-
vertible subsheaf of
∧rankE Gˆs whose first Chern class [c1(L)] equals that of
Eˆsat.
Let now Pˆ := P(
∧rankE Gˆs) be the projectivized bundle of
∧rankE Gˆs and
P the irreducible component of P(
∧rankE Gs) which covers Ws. We have a
commutative diagram of natural morphisms
Pˆ
pˆs //
qˆ

P
q

Wˆs
ps // Ws.
The inclusion L →֒
∧rankE Gˆs gives a section φ ∈ H0(X;
∧rankE Gˆs ⊗ L∨) ∼=
H0(Pˆ;O
Pˆ
(1)⊗qˆ∗L∨) which vanishes on some irreducible divisor Dˆ on Pˆ. In fact
Dˆ corresponds to the canonical embedding of P(
∧rankE Gˆs/L) in Pˆ. Denote
by D the image of Dˆ in P.
Set n := rank(
∧rankE Gs) and let ω be the restriction of the Ka¨hler form to
Ws. One may choose Chern forms ηP, ηPˆ of the tautological line bundles OP(1)
and O
Pˆ
(1) respectively which are positive on the fibers of q and qˆ respectively,
[Bi83] Lemma 4.19. Notice that (p∗sω)
d−1 vanishes on the exceptional divisor
E. Replacing ηP, ηPˆ by some small multiples of theirs if necessary we obtain
a semi-positive (d+ n− 2, d + n− 2)-form Ω := q∗ωd−1 ∧ ηn−1P + q
∗ωd ∧ ηn−2P
on P. It is easily seen that Ω is strictly positive over the regular locus of
(
∧rankE Gs)∨∨ on Ws. Put C ′ :=
∫
Pˆ
qˆ∗φ ∧ ηn−1
Pˆ
, where φ is a 2d-differential
form representing the fundamental class on Wˆs. Then for the volume of D
with respect to Ω we obtain:
vol(D) = [Ω]⌢ (pˆs)∗Dˆ = (pˆs)∗(pˆ
∗
s([Ω])⌢ Dˆ) = pˆ
∗
s([Ω])([ηPˆ]− qˆ
∗[c1(L)]) =
= (pˆ∗s[Ω])[ηPˆ]−C
′(p∗s([ω
d−1])[c1(L)] = (pˆ
∗
s[Ω])[ηPˆ]− C
′(p∗s([ω
d−1])[c1(Eˆ
sat)]) =
= (pˆ∗s[Ω])[ηPˆ] +
C ′
2
(p∗s([ω
d−1])c1(Wˆs)− C
′(p∗s([ω
d−1])⌢ τd−1(Eˆ
sat) =
= C−C ′[ωd−1]⌢ τd−1((ps)∗(Eˆ)) = C−C
′ degd−1((ps)∗(Eˆ)) ≤ C−C
′ degd−1(E),
where C and C ′ are constants not depending on F with C ′ > 0, cf. [Tel08]
2.1 for a similar computation in the smooth case. This proves the second
assertion.
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The same formula shows that an upper bound on degd−1(F) leads to an
upper bound on vol(D). If we knew that Ω was strictly positive, then Bishop’s
theorem would imply that the analytic cycles D may be seen as points in a
part T proper over S of the relative cycle space of P((
∧rankE G)) over S. This
would allow to deduce a sequence of boundedness results for the divisors Dˆ,
then for the sheaves L, Fˆ and eventually for F .
As it stands, we will still be able to bound the class of Dˆ modulo divisors
supported over the exceptional locus of f : Wˆs → W
′
s. We will show that
the lower bound on degd−1(E) allows for only a finite number of values of
τd−1(f∗L). Thus by Proposition 3.6 the sheaves of the type (f∗L)
∨∨ will
belong to a bounded family, which in turn may be used to bound the set of
divisors Dˆ. We consider for simplicity the case of a fiber Ws but it will be
clear that the arguments may be adapted to families.
Note first that by the projection formula it follows that the class of g∗ω
on W ′s satisfies the hypothesis of the Demailly-Pa˘un criterion, [DePa04] Main
Theorem 0.1. In particular ω′ := g∗ω+ ddcφ is a Ka¨hler form on W ′s for some
suitable smooth function φ on W ′s.
We have denoted by E the exceptional divisor on Wˆs which is contracted
by the map f : Wˆs → W
′
s. Let EPˆ := qˆ
−1(E) be its pull-back to Pˆ. We
may compute the volume of the hypersurface Dˆ with respect to the form
Ωˆ := qˆ∗f∗(ω′)d−1∧ηn−1
Pˆ
+ qˆ∗f∗(ω′)d∧ηn−2
Pˆ
which is strictly positive on Pˆ\E
Pˆ
.
As before we get
vol(Dˆ) ≤ C − C ′ degd−1(E).
We deduce from this inequality that the set of cohomology classes in H2(Pˆ \
E
Pˆ
) of integration currents along hypersurfaces of type Dˆ \ E
Pˆ
is uniformly
bounded.
These classes are the Chern classes of the restrictions of the line bundles
O
Pˆ
(1) ⊗ qˆ∗L∨ to Pˆ \ E
Pˆ
. They lie in a compact set in H2(Pˆ \ E
Pˆ
;R) and
consequently the following commutative diagrams
H2(Pˆ;Q)
∼=

// H2(Pˆ \ E
Pˆ
;Q)
∼=

H2(d+n−2)(EPˆ;Q)
// H2(d+n−2)(Pˆ;Q) // H
BM
2(d+n−2)(Pˆ \ EPˆ;Q)
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and
H2(Pˆ;Q) // H2(Pˆ \E
Pˆ
;Q)
H2(Wˆs;Q)
?
OO
∼=

// H2(Wˆs \ E;Q)
?
OO
∼=

H2(d−1)(E;Q) // H2d−2(Wˆs;Q) //
f∗

HBM2d−2(Wˆs \E;Q)
∼= f∗

H2d−2(W
′
s;Q)
∼= // HBM2d−2(W
′
s \ f(E);Q)
show that τd−1(f∗(L)) = τd−1((f∗(L))
∨∨) attains only a finite number of values
in H2d−2(W
′
s;Q). By Proposition 3.6 the sheaves of the type (f∗L)
∨∨ will thus
belong to a bounded family. Hence the set of sheaves (f∗(f∗L)∨∨)∨∨ on Wˆs
will also be bounded. All morphisms of the following commutative diagram of
coherent O
Wˆs
-modules are injective
L

(f∗f∗L)
∨∨

//oo (f∗(f∗L)
∨∨)∨∨

∧rankE Gˆs (f∗f∗
∧rankE Gˆs)∨∨ //oo (f∗(f∗
∧rankE Gˆs)∨∨)∨∨.
Now the sheaves (f∗(f∗L)
∨∨)∨∨ ∩
∧rankE Gˆs lie in a bounded set and coincide
with the sheaves L on Wˆs \ E. Since the latter are saturated in
∧rankE Gˆs
we get inclusions ((f∗(f∗L)
∨∨)∨∨ ∩
∧rankE Gˆs)∨∨ ⊂ L ⊂
∧rankE Gˆs. Now the
degree of L with respect to some fixed metric on Wˆs is upper bounded by the
slope of the maximal destabilizing subsheaf of
∧rankE Gˆs, which only depends
on Gs. We thus obtain the boundedness of the set of invertible sheaves L. This
is equivalent to the boundedness of the sheaves of the form det Fˆ .
Let r be the rank of F . One checks directly then that Fˆ is the image of the
composition of the natural maps
Gˆs →Hom(
r−1∧
Gˆs,
r∧
Gˆs)→Hom(
r−1∧
Gˆs,det(Fˆ)).
Since all terms above sit in bounded sets we get the boundedness of the sheaves
Fˆ by Proposition 3.4. Let F˜ be a family containing these sheaves. We suppose
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that the family F˜ is over S for simplicity of notation. The composition
Gs → (p∗p
∗G)s → (ps)∗((p
∗G)s) ∼= (ps)∗(ps)
∗Gs → (ps)∗(F˜s) ∼= (ps)∗(p
∗
sF/Tors(p
∗
sF))
factorizes as
Gs → (p∗p
∗G)s → (p∗F˜)s → (ps)∗(F˜s)
and factorizes also through the surjection Gs → F . Since F and also (p∗F˜)s
for general s are pure, the image of this composition is isomorphic to both F
and (p∗F˜)s.
The boundedness of the set F now follows. 
We will also need the following consequence of Theorem 4.2.
Lemma 4.4. Let X be a Ka¨hler manifold, r an integer and F a set of compact
reduced subspaces of X of bounded degree and all of whose components are of
dimension r and contained in a fixed compact subset of X. Then F is bounded.
Proof. The part S of the Barlet space parameterizing the analytic cycles of
dimension r on X of degree bounded by some constant M and contained in
some fixed compact subset of X is compact by 4.2. Moreover by [Bar75] Thm.
1, p. 38 the setW := {(x, s) ∈ X×S | x ∈ |Zs|} is analytic and closed inX×S,
see also [Fuj78]. Here |Zs| denotes the support of the cycle corresponding
to s ∈ S. Furthermore, there exist positive integers nj associated to the
irreducible components Wj of W and a dense Zariski open subset V ⊂ S such
that for each s ∈ V the multiplicities of the irreducible components of Zs
contained in Wj are precisely nj.
Consider the (reduced) subspace W ′ ⊂ W consisting of those components
Wj for which nj = 1. The general fibers of W
′ → S are reduced and cover
part of our set F . We deal with the rest by noetherian induction on S. 
We can now prove Theorem 4.1.
Proof. Let F be a set of isomorphism classes of sheaves F dominated by a
bounded set G on X and such that their supports are contained in a fixed
compact subset of X. We suppose that for all n ∈ Z the degrees degn(F) are
bounded from above.
We will show that the set F is bounded working by induction on r :=
max[F ]∈F dimSuppF .
For r < 0 there is nothing to prove.
Suppose that r ≥ 0 and that the statement holds for all sets F ′ as above
and with max[F ]∈F ′ dimSuppF < r.
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By Lemma 4.4 the set of the r-dimensional parts of the supports SuppF
hence also the set of their corresponding ideal sheaves I are bounded. The sets
of ideals of type Ij are equally bounded by Proposition 3.4. Using the bound-
edness assumption on the degrees of F and the devissage IjF ⊂ Ij−1F ⊂ ... ⊂
IF ⊂ F we find the existence of some integer k such that dimSupp(IkF) < r
for all F in F . Let Fj := (I
j−1F)/(IjF). The sets of sheaves Fj as well as
IkF are dominated and
degd F =
k∑
j=1
degd Fj + degd(I
kF)
for all d ∈ Z.
Let Y1, ..., Yn denote the irreducible components of Supp(OX/I) and for
1 ≤ j ≤ k and 1 ≤ i ≤ n set
Fj,i :=
∑
1≤l≤n, l 6=i
IYlFj
and F ′j := Im(⊕iFj,i → Fj). Then the sets of sheaves F
′
j and Fj/F
′
j are
dominated, dimSupp(Fj/F
′
j) < r and
degd F =
k∑
j=1
degd F
′
j +
k∑
j=1
degd(Fj/F
′
j) + degd(I
kF)
for all d ∈ Z.
By applying the functor −(r) to the sequence of maps ⊕iFj,i → F
′
j → Fj one
sees that (F ′j)(r)
∼= ⊕i(Fj,i)(r), hence the sheaves (F
′
j)(r) are direct sums of pure
sheaves of dimension r each supported on some component Yi of Supp(OX/I).
Moreover the formula
(1)
degdF =
∑
j,i
degd(Fj,i)(r) +
k∑
j=1
degdNr(F
′
j) +
k∑
j=1
degd(Fj/F
′
j) + degd(I
kF)
holds for all d ∈ Z.
We will next use this formula for d = r − 1 and apply Lemma 4.3 to show
that the sheaves (Fj,i)(r) form a bounded set. Lemma 4.4 gives us an analytic
family of supportsW ⊂ X×S parametrized by some compact analytic space S
and we may view the sheaves (Fj,i)(r) as sheaves on the fibers of W → S. We
may also suppose S andW reduced and irreducible. The first two assertions of
Lemma 4.3 show that the (r − 1)-degrees of the sheaves (Fj,i)(r) are bounded
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from below. Using this and the upper bound on degr−1 F in formula (1) imply
that they are also bounded from above. Then the third assertion of Lemma 4.3
says that after some base change K → S to a semi-analytic Stein compactum
K the sheaves (Fj,i)(r) occur as fibers of a family H over WK . Using generic
flatness we see that our sheaves are also fibers of some family over X ×K ′ for
some possibly new semi-analytic Stein compactum K ′ and our claim is proven.
Let Gj be a bounded set of sheaves Gj dominating the set of sheaves F
′
j .
Then the kernels Kj of the surjections Gj → (F
′
j)(r) also form a bounded
family, for Gj ∈ Gj . From the diagram
0 // Kj //

Gj //

(F ′j)(r)
//
id

0
0 // Nr(F
′
j)
// F ′j
// (F ′j)(r)
// 0
we see that the set of sheaves Nr(F
′
j) is dominated as well.
The 2k+1 sheaves of dimension < r appearing in formula (1) may be each
considered on a different copy of X thus giving a sheaf on the disjoint union
X(2k+1) of these copies. These sheaves on X(2k+1) have bounded degrees, are
dominated and have their supports contained in a compact subset of X(2k+1),
hence they form a bounded set by the induction hypothesis. But then each
of the sets of sheaves Nr(F
′
j), Fj/F
′
j , I
kF is bounded on X. Now the exact
sequences
0→ Nr(F
′
j)→ F
′
j → (F
′
j)(r) → 0,
0→ F ′j → Fj → Fj/F
′
j → 0,
0→ IjF → Ij−1F → Fj → 0
allow us to reconstruct F and deduce the desired boundedness. 
5. Corollaries
We start with some direct consequences of Theorem 4.1.
Corollary 5.1. Let (X,ω) be a Ka¨hler compact complex manifold and F a set
of isomorphism classes of coherent sheaves on X. Then the set F is bounded
if and only if the following two conditions are fulfilled:
(1) The set F is dominated.
(2) The degrees of the sheaves of F are bounded from above.
Proof. By our discussion on Chern classes and since a semi-analytic Stein
compactum has only finitely many connected components, it is clear that
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the two conditions are necessary. Their sufficiency follows from our Theorem
4.1. 
Corollary 5.2. Let (X,ω) be a Ka¨hler compact complex manifold and F a
dominated set of isomorphism classes of coherent sheaves on X. Then the
following assertions are equivalent:
(1) The set F is bounded.
(2) The set of Chern classes of the sheaves of F is finite.
(3) The set of homology Todd classes of the sheaves of F is finite.
(4) The degrees of the sheaves of F are bounded.
(5) The degrees of the sheaves of F are bounded from above.
We come to our main application: the compactness of the connected com-
ponents of the Douady space of a compact Ka¨hler manifold.
Corollary 5.3. Let X be a compact Ka¨hler manifold, G a coherent sheaf on X
and b some real number. Then the Douady space D(G)≤b of quotients of G with
degrees bounded from above by b is compact. In particular the Douady space
D(G)α of quotients of G with fixed homology Todd class equal to α ∈ H∗(X,Q)
is compact, especially the connected components of the whole Douady space
D(G) are compact.
Proof. By our boundedness criterion, the sheaves which are quotients of G and
whose degrees are bounded from above by b are fibers over a semi-analytic Stein
compactum K of some family F over X × S with S smooth. Here we may
suppose that K is contained in S. By noetherian induction we may suppose
that F is flat over S.
To any complex space T over S we associate the set HomX×T (GT ,FT ). This
defines a contravariant functor which is represented by a linear space V over
S, cf. [Fle81] 3.2. It is clear that we may find a finite number of semi-analytic
Stein compacta in V covering K and such that up to some multiplicative
constant each non-zero morphism in HomX(G,Fs), s ∈ K, is represented by
some element in this union; see for instance the construction of the projective
variety over S associated to V in [Fi] 1.9. Let K ′ be the union of these semi-
analytic Stein compacta and F ′ the image of the universal morphism restricted
to K ′. By flattening and noetherian induction again we may assume that F ′
is flat over a neighbourhood U of K ′ and that each quotient of G whose class
is in D(G)≤b is represented by some morphism G → F
′
s for some s ∈ K
′. The
universal property of the whole Douady space D(G) of quotients of G now
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gives us a morphism U → D(G) whose restriction to K ′ covers D(G)≤b. Thus
D(G)≤b is compact. 
Let now X be a complex manifold, not necessarily compact, d be a non-
negative integer andDd(X) the Douady space of purely d-dimensional compact
complex subspaces of X. Recall that Dd(X) is a closed subspace of the whole
Douady space D(X) := D(OX). The following corollary about the properness
of the morphism “Douady → Barlet” ([Bar75], [Mag07]) which was suggested
to us by Daniel Barlet is now a direct consequence of our boundedness criterion
combined with Proposition 2.1 and Theorem 4.2.
Corollary 5.4. If X is a Ka¨hler manifold and D′d the reduction of a connected
component of the Douady space Dd(X) of purely d-dimensional compact com-
plex subspaces of X, then the natural morphism from D′d to Barlet’s space
Cd(X) of d-dimensional cycles of X is proper.
We finally present an application to the moduli space of torsion free rank
one sheaves on a compact Ka¨hler manifold. Let X be a connected compact
complex manifold. It is immediately seen that any torsion free rank one sheaf
on X is simple. Moduli spaces for simple coherent sheaves on compact com-
plex spaces were constructed in [KoOk89]. The torsion free rank one sheaves
are thus parameterized by an open subsetM1(X) of this space, cf. [BaLeP87].
Since the parameterized objects have rank one, this subset is also separated,
[KoOk89, Proposition 6.6]. By fixing the total Chern class c(F) = c of the
sheaves to be parameterized we obtain a unionM1,c(X) of connected compo-
nents of M1(X).
Corollary 5.5. If X is a connected, compact, Ka¨hler manifold and c ∈
H∗(X,Z) is a fixed total Chern class, then M1,c(X) is compact.
Proof. If F is a torsion free rank one sheaf on X with c(F) = c we have exact
sequences
0→ F → F∨∨ → F∨∨/F → 0,
0→ F ⊗F∨ → O → (F∨∨/F) ⊗F∨ → 0
and the Chern classes of F∨∨ and of (F∨∨/F)⊗F∨ are completely determined
by c.
Let Picc1(X) and P → X × Picc1(X) be the corresponding component of
the Picard group of X and the restriction of the Poincare´ bundle. Let further
Dc′(X) be the Douady space of analytic subspaces of X with total Chern class
equal to c′ := c((F∨∨/F)⊗F∨) and D ⊂ X×Dc′(X) the associated universal
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subspace. To D corresponds a family of ideal sheaves ID ⊂ OX×Dc′ (X) which
is flat over Dc′(X). Then ID ⊠ P is a family of torsion free sheaves of rank
one on X flat over Dc′(X)×Pic
c1(X). By the universal property of M1,c(X)
one gets a morphism Dc′(X) × Pic
c1(X) → M1,c(X) which is also bijective.
The conclusion follows now from our Corollary 5.3 and the compactness of
Picc1(X). 
References
[AtHi61] Atiyah, M. F.; Hirzebruch, F. Analytic cycles on complex manifolds. Topology
1 (1962) 25–45.
[BaLeP87] Ba˘nica˘, C.; Le Potier, J. Sur l’existence des fibre´s vectoriels holomorphes sur
les surfaces non-alge´briques. J. Reine Angew. Math. 378 (1987), 1-31.
[BPS80] Ba˘nica˘, C.; Putinar, M.; Schumacher, G. Variation der globalen Ext in De-
formationen kompakter komplexer Ra¨ume. Math. Ann. 250 (1980) 135–155.
[BS] Ba˘nica˘, C.; Sta˘na˘s¸ila˘, O. Me´thodes alge´briques dans la the´orie globale des espaces
complexes. Gauthier-Villars, Paris, 1977
[Bar75] Barlet, D. Espace analytique re´duit des cycles analytiques complexes compacts
d’un espace analytique complexe de dimension finie. In Fonctions de plusieurs variables
complexes, II (Se´m. Franc¸ois Norguet, 1974-1975), pp. 1-158. Lecture Notes in Math.,
Vol. 482, Springer, Berlin, 1975.
[BFM75] Baum, P.; Fulton, W.; MacPherson, R. Riemann-Roch for singular varieties.
Inst. Hautes E´tudes Sci. Publ. Math. 45 (1975) 101–145.
[BFM79] Baum, P.; Fulton, W.; MacPherson, R. Riemann-Roch and topological K
theory for singular varieties. Acta Math. 143 (1979) 155–192.
[Bi83] Bingener, J. On deformations of Ka¨hler spaces. I. Math. Z. 182 (1983), no. 4, 505-
535.
[DePa04] Demailly, J.P.; Pa˘un, M. Numerical characterization of the Ka¨hler cone of a
compact Ka¨hler manifold. Ann. of Math. 159 (2004), 1247-1274.
[Dou66] Douady, A. Le proble`me des modules pour les sous-espaces analytiques compacts
d’un espace analytique donne´. Ann. Inst. Fourier (Grenoble) 16 (1966) 1–95.
[DV] Douady, A.; Verdier, J.-L. Se´minaire de Ge´ome´trie Analytique Aste´risque 36-37
(1976).
[Fi] Fischer, G. Complex analytic geometry. Lecture Notes in Mathematics, Vol. 538.
Springer-Verlag, Berlin-New York, 1976.
[Fle81] Flenner, H. Eine Bemerkung u¨ber relative Ext-Garben. Math. Ann. 258 (1981)
175–182.
[Fuj78] Fujiki, A. Closedness of the Douady spaces of compact Ka¨hler spaces. Publ. Res.
Inst. Math. Sci. 14 (1978) 1–52.
[Fuj79] Fujiki, A. Countability of the Douady space of a complex space. Japan. J. Math.
(N.S.) 5 (1979), 431–447.
[Fuj82] Fujiki, A. Projectivity of the space of divisors on a normal compact complex space.
Publ. Res. Inst. Math. Sci. 18 (1982), 1163–1173.
22 MATEI TOMA
[Fuj84] Fujiki, A. On the Douady space of a compact complex space in the category C. II.
Publ. Res. Inst. Math. Sci. 20 (1984), 461–489.
[Ful] Fulton, W. Intersection theory. Springer-Verlag, Berlin, 1998.
[FL] Fulton, W.; Lang, S. Riemann-Roch algebra. Springer-Verlag, Berlin, 1985.
[Gro61] Grothendieck, A. Techniques de construction et the´ore`mes d’existence en
ge´ome´trie alge´brique. IV. Les sche´mas de Hilbert. Se´minaire Bourbaki, Vol. 6, Exp.
No. 221, (1961) 249–276.
[Hir75] Hironaka, H. Flattening theorem in complex-analytic geometry. Amer. J. Math.
97 (1975) 503–547.
[HL] Huybrechts, D., Lehn, M.: The geometry of the moduli sapces of sheaves. Braun-
schweig, Friedr. Vieweg & Sohn (1997).
[I] Iversen, B. Cohomology of sheaves. Springer-Verlag, Berlin, 1986.
[KoOk89] Kosarew, S.; Okonek, Chr. Global moduli spaces and simple holomorphic
bundles. Publ. Res. Inst. Math. Sci. 25 (1989), no. 1, 1-19
[Lan83] Lange, H. Universal families of extensions. J. Algebra 83 (1983) 101-112.
[Lev87] Levy, R. N. The Riemann-Roch theorem for complex spaces. Acta Math. 158 (1987)
149–188.
[Lie77] Lieberman, D. Compactness of the Chow scheme: applications to automorphisms
and deformations of Ka¨hler manifolds. Fonctions de plusieurs variables complexes, III
(Se´m. Franc¸ois Norguet, 1975-1977), pp. 140-186, Lecture Notes in Math., 670, Springer,
Berlin, 1978.
[Mag07] Magnu´sson, J. I. A global morphism from the Douady space to the cycle space.
Math. Scand. 101 (2007), no. 1, 19-28.
[Tel08] Teleman, A. Families of holomorphic bundles. Commun. Contemp. Math. 10 (2008),
523–551.
Address:
Institut E´lie Cartan, UMR 7502, Universite´ de Lorraine, CNRS, INRIA,
Boulevard des Aiguillettes, B.P. 70239, 54506 Vandoeuvre-le`s-Nancy Cedex,
France
Matei.Toma@univ-lorraine.fr
